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Exact Inverse Scattering Theory
Abstract
The concepts of reference wave slowness (reciprocal of velocity) and an associated free reference space
Green's function slowness spectrum are introduced. A modified Kirchoff surface integral, containing only the
imaginary part of this free reference space Green's function slowness spectrum, is formulated, yielding an
integral equation for the unknown fields and sources in the interior of a closed surface on which the (remotely
sensed) fields are known. A well-posed, analytic closed form solution of this integral equation is obtained.
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EXACT INVERSE SCATTERING THEORY 
Norbert N. Bojarski 
Sixteen Pine Valley Lane 
Newport Beach, CA 92660 
ABSTRACT 
The concepts of reference wave slowness (reciprocal of velocity) and an associated free reference space 
Green's function slowness spectrum are introduced. A modified Kirchoff surface integral, containing only the 
imaginary part of this free reference space Green's function slowness spectrum, is formulated, yielding an 
integral equation for the unknown fields and sources in the interior of a closed surface on which the 
(remotely sensed) fields are known. A well-posed, analytic closed form solution of this integral equation is 
obtained. 
INTRODUCTION 
Presented is a unified approach and solution to 
the inverse scattering and inverse source problems 
for the inhomogeneous scalar wave equation 
p 
subject to the constitutive equation 
p v q, 
and the homogeneous scalar wave equation 
w2 
+ q, 0 
( 1) 
( 2) 
(3) 
To this end, the single mixed scalar wave equation 
w2 
\12q, + ¢ = p 
c 2 (X,w) ( 4) 
is introdu<;ed. From an inverse scattering inverse 
source perspective, Equation 4 reduces to Equation 1 
if the medium wave velocity c(X,w) is a known con-
stant and the source p is the unknown, and Equation 4 
reduces to Equation 3 if the sources p are known to 
be zero and the medium wave velocity c(X,wl is the 
unknown. 
It is argued that the inverse solution presented 
is an alternative (to the direct Kirchoff) integra-
tion of the wave equation. It is thus appropriate to 
review some re 1 evant properties of the direct K i r-
choff integration 
¢ = f dv G p +fds·(G \1¢ $ \IGJ 
v 5 
( 5) 
of the wave Equation 1. Specifically, the surface 
integral in Equation 5 is an equivalence statement 
relating the field at a field point or. one side of the 
closed surface produced by all the sources on the 
other side of the closed surface, via the fields pro-
duced by these sources on this closed surface. The 
inverse scattering inverse source problem is, how-
ever, characterized by both the field point for the 
unknown fields as well as all the unknown sources 
being on the same side of the closed surface (on 
which the remote sensing is accomplished), for which 
situation the Kirchoff surface integral vanishes, 
thus rendering this Kirchoff surface integral useless 
for the inverse scattering inverse source problem. A 
modified Kirchoff surface integral, which does not 
suffer from this pathology, is introduced next. 
THE INVERSE SCATTERING INTEGRAL EQUATION 
Let G be the free reference space Green's func-
tion satisfying the inhomogeneous wave equation 
2 
\1 2G + ~2 G - o 
v (6) 
and the Sommerfeld radiation condition at infinity, 
where vis any arbitrarily chosen reference velocity. 
Next, let an effectal field e be defined as 
(7) 
where 
= Im G (8) 
which, by Equation 6, satisfies the homogeneous wave 
equation 
= 0 
By Green's theorem, Equation 7 reduces to 
e = f dv (q, \1 2Gi -
v 
which, by Equations 4 and 9, reduces to 
e = f dv [¢< 
v 
e = f dv 
v 
w2 
G • ) - G • (- ¢-p J] 
~ ~ c 2 <x,wl 
(9) 
(10) 
(11) 
(12) 
[ which, for the case of a known constant medium wave 
velocity c, unknown sources p, and a reference ve-
locity chosen as v=c, reduces to the earlier inverse 
scattering integral equation of this author 
(Ref 1)] • 
SOLUTION OF THE INTEGRAL EQUATION 
Let a medium reference wave slowness a be intro-
duced and defined as 
cr = _!_ 
v 
(13) 
The inverse scattering integral Equation 12, in terms 
of this reference slowness, thus is 
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<j>(X 1 ,w) dv' 
(14) 
where in two and three dimensions, the imaginary part 
of the free reference space Green's functions are 
(15) 
and 
G.<xlx• o) = sin(wro) 
1.. ,w, 4nr ( 16) 
respectively, and where r~lx-x'~ 
Taking the Hilbert transform of Equation 14 with 
respect to the reference slowness o yields 
1 f 00 8(X,w,o') do' = 
-; o-cr' 
-00 
S 1 JooG.<xlx',w,o') do' p(X',w) dv' -; -t. a-a' V -oo 
+ f_!_f oo~<xlx' ,w,o') 
n a-a' 
V -oo 
- W2 0 I 2 ] dO I <j> (X I 'W) dv' (17) 
By Equations 15 and 16, with the aid of References 2 
and 3, and twice repeated application of References 4 
and 5, it follows that 
lJOO~<xlx',w,7') do' 
n a-a' 
-oo 
and (18) 
l_Jooo•2 Gi<x\x',w,o') do' 
n o-o' 
-00 (19) 
in two and three dimensions, but not in one dimen-
sion. In two and three dimensions Gr is the real part 
of the free reference space Green's function 
and 
respectively. 
eos(wro) 
4Tir 
(20) 
(21) 
Thus, with the aid of Equations 18 and 19, Equa-
tion 17 becomes 
_!_J
00
8(X,w,o') do' 
n o-cr 1 
-00 
f sgn(wr) Gr<XIx' ,w,o) p(X 1 ,w) dv' 
v 
+ f sgn(wr) Gr<xlx' ,w,o) [ w2 
v c2 <x',w) 
- w2 o2 J <j>(X' ,w) dv' 
(22) 
Restricting Equation 22 to positive non-zero frequen-
ciesw, permits its rewriting as the principal value 
integra 1 (i.e., excluding integration over x=x' ) 
00 
~ f S(X
0
'_w
0
' 1°
1
) do'= p fGr<xlx',w,o) p(X',w) dv' 
-oo V 
(23) 
Since the imaginary part of the free reference space 
Green's function is not singular at x=x' , it fol-
lows from the addition of Equations 14 and 23 that 
for positive non-zero frequencies 
l_f 008(X,w,o') do 1 + i8(X,w,o) " 
n o-cr' 
p f G<xlx',w,o) p(X 1 ,w) dv' 
v 
+ p f G(X \X' ,w,o) 
v 
lj>(X 1 ,w) dv' 
(24) 
For the inverse scattering inverse source case of a 
known constant medium velocity c and unknown sources 
p(i.e., wave Equation 1), Equation 24 reduces, after 
chasing the reference slowness a =1/c, for w>O , to 
B(X,w,o) 1 
1 
do + ie<x,w,c;l 
--o 
c 
p f G<xlx' ,w,~) p(X' ,w) dv' 
v 
(25) 
At that reference slowness, the direct Kirchoff inte-
gration Equation 5 of the wave Equation 1 can be 
written as 
<j>(X,w) ( 1 p J G<xlx',w,c;l p(X',w) dv' + if>i(X,w) 
v 
(26) 
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since in two and three dimensions the Green's func-
tion singularity is weak and removable, and the Kir-
choff surface integral represents the incident field. 
Thus, combining Equations 25 and 26 yields the 
solution 
cjl(X,w) = ~ f 8(X,w,o) 1 1 do + ie(x,w,zl 
--a 
c 
cjl(X,w) = 
pJG(xlx',w,_!_) p 0 (X 1 ,w,_!_) dv 1 + cj>.(X,w,_l_) C 0 C 0 1..- C 0 
v (33) 
since in two and three dimensions the Green's func-
tion singularity is weak and removable, and the Kir-
choff surface integral represents the incident field. 
w>O Thus, combining Equations 32 and 33 yields the (27) (same as Equation 27) solution 
For the inverse scattering inverse source case of 
known zero sources and unknown medium velocity 
c(X,wl, i.e., wave Equation 3, Equation 24 reduces, 
after choosing the reference slowness a=]- , for 
w>O, to Co 
_1T1 f_oo 6(X,w,o) 1 
- 1.---- do + i6(X,w,z0 l 
--a 
Co 
p f G(xlx' ,w) l 
Co 
cjl(X 1 ,w) dv 1 
v 
(28) 
A digression concerning the wave Equation 3 is now in 
order. This wave equation can be rewritten as 
(29) 
where the sources p
0 
are reference sources relative 
to the arbitrarily chosen reference wave velocity c0 , 
given by the relative constitutive equation 
Po = Vo cjl 
(30) 
and the potential V
0 
is a reference potential rela-
tive to the arbitrarily chosen reference wave veloc-
ity c
0
, given by 
Vo = ---
(31) 
It thus follows that Equation 28 can be written for 
w>O as 
_1T1 f_oo 6(X,w,o) 1 
-.,---do + H)(x,w,- ) 
1 C 0 
--a 
Co 
Pf G(xlx' ,w,l l p 0 (X 1 ,w,l) dv' Co C 0 
v 
(32) 
At this reference slowness 1/c0 , the direct Kirchoff 
integration Equation 5 of the wave Equation 29 can be 
written as 
cjl(X,wl 
w>O 
(34) 
The sources, potential, and medium wave velocities 
can be obtained from knowledge of the fields in a 
variety of straightforward manners. 
One might be tempted to attempt to simplify the 
solutions (Equations 27 and 34) by applying and exe-
cuting analytically the Hilbert transform with re-
spect to the reference slowness directly on the sur-
face integral definition (Equation 7) of the effectal 
field, thus obtaining this definition in terms of the 
principal value of the real part of the free refer-
ence space Green's function, instead of the imaginary 
part of this free reference space Green's function. 
The flaw with such an attempt is that on the surface 
of integration, away from the singular point of the 
real part of the free reference space Green's func-
tion, the principal value and the complete singular 
real part of the free reference space Green's func-
tion are indistinguishable and identical, and the ap-
plication of Green's theorem as per (Equations 7 
and 12) will, by the differentiability and continuity 
requirement imposed by Green's theorem, fail to gene-
rate the principal value of the real part of the free 
reference space Green's function in the volume inter-
ior to the surface of integration, which would have 
yielded the desired solution, but generate the full 
singular real part of the free reference space 
Green's function in this interior, which fails to 
yield the desired solution, and yield (a slightly 
modified) version of the integral Equation 12, in-
stead of its solution. 
1. 
2. 
3. 
4. 
5. 
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SUMMARY DISCUSSION 
J.D. Achenbach, Chairman (Northwestern University): The paper is open for discussion. 
John Richardson (Science Center): The integrals involved in the Weiner-Lee transform, in the case of 
the factor sigma squared term, are not absolutely convergent; and even though there are ways of 
getting finite answers out, they are dependent on particular assumptions that you make to 
achieve convergence and I am rather uneasy about the uniqueness of the answers that you get 
thereby. 
Norbert Bojarski: I share your uneasiness. It's too early. I don't know. 
William Pardee (Science Center): I'm skeptical, or at least unconvinced, by your identification of the 
particular constant by which Weiner-Lee differs from the Hilbert transform with the constant 
you want to eliminate. In particular, as John alluded to, each integral to the Weiner-Lee 
transform of the sigma squared term is very singular at the end points. That is where sigma 
goes to infinity or theta goes to plus or minus PI. In fact, in spite of the sine multiplying 
the sigma squared sine term the integral diverges as sigma, so they become infinite and 
oscillate very rapidly. If the transform has the value you desire, then the sum of these co-
efficients must be zero. And it appears that the terms in the sum are order minus one to the N 
times something of the order N, which is a delta function-like divergence. In your numerical 
evaluation, you may well be doing something special at the very small test velocities. That is 
very large sigma because all of the singularities come from those very small test velocities. 
Norbert Bojarski: Let me answer. First of all, I share your uneasiness about it. Let me answer in two 
parts. First of all, if you look at that expansion of the W.F. of the angle, I think it's 
relatively clear that the only term that can contribute to the constant to this is the a zero 
term. I realize I just wanted to belabor that for a moment. 
William Pardee: We're talking about constants in sigma. And not constants in theta and they are not 
the same thing. 
Norbert Bojarski: It could very well be what I have done - let me pick the worst possible thing of what 
I have done. I have picked delta x and delta sigma in such a fashion that I have succeeded in 
throwing away those parts which retrieve the delta function. 
William Pardee: How do you numerically treat those end points of the Fourier? 
Norbert Bojarski: I did something very similar in the numerical part. I took sigma. The roster you 
saw is 128 by 128, so I took 256 points in sigma, centered them at the C, which I know what it 
is, and went out from there and threw away the one that goes to infinity. 
William Pardee: That's the delta function! 
Norbert Bojarski: But the point is, I don't care what the rigor is. It could very well be what is 
lacking here is some rigorous proof of how do you massage this numerical implementation to a 
formalism to make the delta function go away. It may be that's what's lacking. 
William Pardee: It may turn out there is a practical problem related to that lack of rigor in that the 
results are sensitive to the details of how you treat that. 
J.D. Achenback, Chairman: I think further discussion of this will have to take place at the coffee 
break. Thank you, and let's now proceed to the next talk. 
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